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a b s t r a c t
The stress fields of cylindrical and spherical multi-phase inhomogeneity systems with perfect or imperfect interfaces under uniform thermal and far-field mechanical loading conditions are investigated by use of the Boussinesq displacement potentials. The radius of the core inhomogeneity and the thickness of its surrounding coatings are arbitrary. The discontinuities in the tangential and normal components of the displacement at the imperfect interfaces are assumed to be proportional to the associated tractions. In this work, for the problems where the phases of the inhomogeneity system are homogeneous, the exact closed-form thermo-elastic solutions are presented. These solutions along with a systematic numerical methodology are utilized to solve various problems of physical importance, where the constituent phases of the inhomogeneity system may be made of a number of different functionally graded (FG) and homogeneous materials, and each interface may have a perfect or imperfect boundary condition, as desired. Also, the effect of the interfacial sliding and debonding on the stress field and elastic energy of an FG-coated inhomogeneity is examined.
Ó 2008 Elsevier Ltd. All rights reserved.
Introduction
The determination of stress field in and around a single phase inhomogeneity with perfect/imperfect interface is instrumental in understanding the thermo-mechanical behavior of composite materials. A significant amount of work has been directed to study the above-mentioned issues. However, most of the available work has been concerned with the problem of inhomogeneity having a perfect interface with its surrounding matrix. Under this assumption ½r ij n j ¼ 0 and
where n is the outward unit normal to the surface S, r is the stress, u is the displacement, and [] denotes the interfacial jump in the quantity under consideration. The relations (1), which are referred to as perfect bonding conditions, enforce the continuity of interfacial traction and displacement across the boundary S. Walpole (1978) examined the effect of a very thin coating on local elastic fields. He carried out his analysis under the assumption that the elastic fields inside the core inhomogeneity are not affected by such a thin coating. Walpole mentioned that his theory breaks down when the coating is excessively soft or rigid. In an effort to estimate the effective shear properties of a macroscopically isotropic material reinforced by spherical particles, Christensen and Lo (1979) presented the three phase spherical model, and for the treatment of transversely isotropic fiber reinforced medium, they considered the three phase cylindrical model. Following the above-r ij n j À r lm n l n m n i ¼ 0
respectively. An improvement over the above model is the frictional sliding considered by numerous researchers; see, for example, Hashin (1991 Hashin ( , 2002 , Jasiuk et al. (1992) , Huang et al. (1993) , Gao (1995) , and Zhong and Meguid (1997) . This is a more realistic interfacial condition, in which the frictional resistance of the interface is accommodated by assuming that the discontinuous components of displacement are proportional to the associated tractions
where S i = r ij n j À r lm n l n m n i and N i = r lm n l n m n i are the shear and normal components of the surface traction t i = r ij n j , respectively. b and c are the respective values of sliding and debonding parameters. As these parameters become infinite, the perfect bonding condition is recovered, while pure sliding condition occurs when b is zero and c approaches infinity. Since these parameters are related to the macroscopic behavior of composites, the theory suggests that they can be determined by a set of carefully designed experiments. To this end, the corresponding components of the properties obtained by experiment and theory are set equal. In this manner, the sliding and debonding parameters introduced in Eq. (3) are obtained by solving the resulted set of algebraic equations. Conditions (3), in this article, referred to as imperfect bonding condition, is rather more general in the sense that the pure sliding and perfect interface can be achieved as its special cases. The most general form of the constitutive relation for interfacial conditions can be obtained from interatomic potentials (Needleman, 1987 (Needleman, , 1992 . Based on nonlinear Needleman-type interfaces, Levy and Dong (1998) and Levy (2000a,b) obtained the effective response of fiber composites subjected to transverse shear, axial tension and antiplane shear. Besides having a number of phenomenological fit parameters, which are not easy to be determined, the problems with nonlinear interfacial conditions are usually very complicated. The application of coatings made up of FG materials on the inhomogeneities improves the desired composites material properties like mechanical strength, thermal residual stress reduction and/or electrical conductivity. For example, minimization of the thermal expansion mismatch between the matrix and reinforcements results in the optimum behavior of the composites in high temperature applications. Therefore, an FG coating with specific microsturcture properties is employed. Moreover, there are cases like reinforced concrete for which a transition zone between the matrix and reinforcements is built up by chemical processes. This transition zone is best modeled as an FG zone around the fibers. Determination of the thermoelastic fields of these materials is much more challenging than the ones with homogeneous transition zone. Most of the available works in the literature are limited to the FG coated inhomgeneities with perfect bonding conditions. Furthermore, they are generally valid for a certain type of distribution for the composition of the inhomogeneous coating, see, for example, Jayaraman and Reifsnider (1992), Jasiuk and Kouider (1993) , Lutz and Ferrari (1993) , Mikata (1994) , Lutz and Zimmerman (1996) , and Zimmerman and Lutz (1999) . Since it is possible to have imperfect bonding at interfaces of FG-coated composites, it is worth having a model capable of predicting their performance under thermomechincal loadings.
As described above, having a general and exact way to solve the single inhomogeneity is an essential part of studying the performance of composite materials. Therefore, the objective of the present paper is to develop a systematic methodology to obtain the thermo-elastic fields of a multi-phase spherical/cylindrical inhomogeneity with perfect/imperfect interfaces subjected to a uniform far-field loading. Owing to point symmetry of the structure and principle of superposition, the general solution to any uniform stress condition at infinity can be derived from the solution of a uniaxial tension. Hence, the present article begins with expressing how to find the exact thermo-elastic fields of multi-phase spherical and cylindrical inhomegoneity systems using the Nueber-Papkovich and the Boussinesq displacement potentials, Sections 2 and 3. The numerical solutions for the stress field of several two-and three-dimensional problems will be given in Section 4. Section 4.1 is devoted to the numerical study of coated and uncoated spherical inhomogeneity problems in order to examine the effect of coating properties and interface conditions. Section 4.2 pays detailed attention to the long circular cylindrical inhomogeneity problems including the stress field associated with an FG-coated cylindrical fiber in which there is interface damage in the coating. In the end, how the elastic strain energy will change due to the appearance of imperfect interfaces is briefly discussed. This discussion is relevant and useful in studies where the damage evolution process is of interest, Dvorak and Zhang (2001) .
A multi-phase spherical inhomogeneity
The Neuber-Papkovich representation of displacement field in terms of harmonic functions W 0 and W=(W 1 ,W 2 ,W 3 ) in Cartesian coordinate system is
where u T i is the displacement field due to uniform temperature change, k = 1/4(1-m), l and m are the shear modulus and
Poisson's ratio, respectively. By letting W=(0, 0, Àk) and W 0 = ÀU, Boussinesq's solution for axi-symmetric problems will be derived
Based on this formulation, the thermo-elastic fields of an n-phase spherical inhomogeneity system subjected to both a uniform change in temperature DT and a uniaxial tension r 0 will be given, Fig. 1 . As it is said before, all other uniform loading conditions like hydrostatic and shear loadings are obtained from the above solution using the superposition principle. The layers are numbered from the matrix (i = 1) to the core (i = n + 1) and S (i) denotes the interface between the ith and (i + 1)st phases. The relation between spherical coordinate system (r, h, U) and Cartesian coordinates (x 1 , x 2 , x 3 ) is given by 
for imperfect bonding condition, where g i = R i b i /2l i and n i = R i c i /2l i are the respective dimensionless sliding and debonding parameters of the ith interface. Upon transformation of Eq. (5) into the spherical coordinate system, and in view of the boundary conditions (7), the displacement potentials U (i) and k (i) associated with the ith phase are taken to be
where c = cosh and P n (c) is the Legendre polynomial of order n. Table 1 presents the displacements and stresses corresponding to each displacement potential. The boundary condition at infinity and finiteness of stresses at the origin yield
To develop a general method to obtain the unknown constants, the interface conditions (8) are expressed as
where
is a prefect interface;
is an imprefect interface;
where a j is the coefficient of thermal expansion of the jth layer, K for the ith phase are defined in Appendix A. Eqs. (10-12) yield a set of 6(n + 1) algebraic equations, which can be solved to determine all the unknown constants. 
Suppose that this system is subjected to both a uniform temperature change DT and a far-field uniaxial tension r 11 ¼ r 0 ; r 22 ¼ r 12 ¼ 0:
For this problem, the perfect/imperfect interface conditions on the stresses and displacements stated via (8) are assumed to hold. For the ith phase, the displacement potentials suitable for the present boundary value problem are of the form
The displacement and stress fields corresponding to each term are obtained from Table 2 . Imposition of boundary condition at infinity and the fact that the stress field must be finite at the origin result in
The unknown constants can be determined by the methodology explained in the previous section, where the new definition of K 
Results and discussion
In this section, the numerical solutions for the stress field of several two and three-dimensional problems will be given. The inhomogeneity system may be subjected to any uniform far-field loading, like uniform tensile, hydrostatic or biaxial stress. As mentioned in the introduction section, the proposed theory is based on displacement potential approach, and can conveniently be used to treat n-phase/FG coated cylindrical or spherical inhomogeneities, in which arbitrary numbers of internal surfaces may have perfect/imperfect conditions. It is due to these flexibilities of the present approach, that the special cases considered by Hashin (1991 Hashin ( , 2002 are readily treated herein. For FG coated inhomogeneity problems, the accuracy of the numerical solutions are guaranteed by refining the thickness of the subdivisions within the FG coating until one-half the percent difference between the solutions obtained using n and n À 2 subdivisions become smaller than a specified tolerance e. In the following problems, e is considered to be 10 À6 and the number of layers is changed to reach the desired accuracy. It is seen that this process is dependent on the relative thickness of the transition zone to the radius of the core particle, for worst cases encountered here, 40 to 50 are sufficient for convergence.
Spherical inhomogeneity
First, the stress field of an imperfectly bonded spherical inhomogeneity is studied. This is a two-phase problem under remote biaxial stress r 11 = Àr 22 = r 0 with n = 1 according to the conventions defined in Fig. 1 . The radius of the particle is R 1 = b and its Poisson's ratio is m 2 = 0.20. The Poisson's ratio of the matrix is m 1 = 0.35, and the ratio of the shear modulus of the particle to that of matrix is l 2 /l 1 = 20. Fig. 3 shows the effect of imperfection on the maximum normalized shear stress, (r rU )-max /r 0 in the neighborhood of the inhomogeneity center, r = 0 and the interface r = b À and b + , where b À and b + refer to the points, respectively, just inside and just outside of the inhomogeneity. Fig. 3a is pertinent to the normal perfect bond, n ? 1 while the results shown in Fig. 3b correspond to problem in which the imperfect normal bond is allowed, n = 0.2g. Thus, in In Fig. 3a , as m becomes large, the state of free sliding, perfect normal bonding prevails. Whereas in Fig. 3b , the interface becomes completely debonded as m ? 1, and as a result no stresses will be transmitted through the interface to the inhomogeneity. It should be mentioned that the present results agree with those previously reported by Hashin (1991) . The advantage of the present theory as compared with the Hashin's work is its relative ease in handling, in a systematic manner, multiple/FG coated inhomogeneities with imperfect interfaces.
The remaining of this section is devoted to a uniform tension field r 11 = r 0 disturbed by an imperfectly bonded coated spherical inhomogeneity. The ratio of the shear modulus of the core inhomogeneity to that of matrix is l 3 /l 1 = 5, and the Poisson's ratio is assumed to be equal to 0.3 for all phases. Figs. 4 and 5 are the respective distributions of r rr /r 0 along the x 1 -axis and r rh /r 0 along the line h = p/4 for a spherical inhomogeneity in which there is an imperfect bonding condition at the matrix-coating interface, r = R 1 . The stress field for different interface conditions: perfect bonding (g, n ? 1); pure debonding (g ? 1 and n ? 0); pure sliding (n ? 1 and g ? 0); and imperfect bonding is shown in these plots. It is seen that radial stress distribution in the core inhomogeneity for pure sliding interface is much larger than its distribution for pure debonding interface. Moreover, Fig. 4 shows that the disturbance in uniform far-field radial stress caused by the presence of the inhomogeneity vanishes much faster in the systems with pure sliding or pure debonding compared to the ones with perfect bonding. It is also seen that the stress variations in the core inhomogeneity is much more pronounced for tangential stress distribution than for the radial stress distribution. It is noteworthy that the radial stress in the core inhomogeneity increases going from pure debonding to the pure sliding condition. The results shown in Figs. 4 and 5 are pertinent to l 2 / Fig. 4 . Variation of the normalized radial stress, r rr /r 0 of a coated spherical inhomogeneity with imperfect continuity condition at the matrix-coating interface (r = R 1 ) along x 1 -axis under far-field uniaxial loading, r 11 = r 0 for various values of dimensionless debonding and sliding parameters n and g. Fig. 5 . Variation of the normalized tangential stress, r rh /r 0 of a coated spherical inhomogeneity with imperfect continuity condition at the matrix-coating interface (r = R 1 ) along the line h = p/4 under far-field uniaxial loading, r 11 = r 0 for various values of dimensionless debonding and sliding parameters n and g. l 1 = 2 and R 1 /R 2 = 1.5. On the other hand, the data displayed in Fig. 6 is obtained for l 2 /l 1 = 2 and g = n = 1, while the coating thickness relative to the size of the core inhomogeneity, R 1 /R 2 is varied. This plot suggests that the radial stress distribution in the core inhomogeneity becomes more uniform as the coating thickness increases. Furthermore, it is seen that the radial stress variation in the coating reaches a maximum value when r/R 2 ffi 1.1 irrespective of the coating thickness. In Fig. 7 , R 1 / R 2 = 1.5 and g = n = 1 are kept fixed, and the influence of the coating stiffness is studied. Considering the radial stress in the core inhomogeneity of the system with l 2 /l 1 = 1 as the benchmark, its value decreases when the ratio of the coating stiffness to matrix stiffness either increases to infinity or decreases to zero. Finally, Fig. 8 shows the stress fields of the system considered in Fig. 4 where it is under a temperature change DT = 50°C in addition to r 0 = 5 MPa. It should be noted that pure sliding bonding condition is assumed to exist at the matrix-coating interface and the material properties of the phases are a 1 = 10 À5 /°C, a 2 = 3 Â 10 À5 /°C, a 3 = 5 Â 10 À5 /°C, l 1 = 1 GPa, l 2 = 5 GPa, and l 3 = 10 GPa.
Long circular cylindrical fibers
Consider an n-phase cylindrical fiber embedded in an infinite medium as shown in Fig. 2 . The origin of the Cartesian coordinate system is set at the center of the core inhomogeneity, and the phases are numbered in ascending order from 1 (matrix) through n + 1 (core inhomogeneity). A coated cylindrical inhomogeneity in an infinite body with prefect interfaces is obtained by setting n = 3. This system is subjected to the far-field biaxial stresses, r 11 = Àr 22 = r 0 , and the material properties are l 3 /l 1 = 10, m 1 = 0.35, m 2 = 0.3, and m 3 = 0.2. For R 1 /R 2 = 1.001 and 1.05, the normalized value of radial stress, 2r rr /r 0 at the coating-matrix interface and h = 0 as a function of logl 2 /l 1 is depicted in Fig. 9a and b, respectively. The present results coincide with the solutions obtained by Hashin (2002) in an effort to estimate the effective elastic moduli of composites containing unidirectional thinly coated fibers. Fig. 6 . Variation of the normalized radial stress, r rr /r 0 of a coated spherical inhomogeneity with imperfect continuity condition (g = n = 1) at the matrixcoating interface (r = R 1 ) along x 1 -axis under far-field uniaxial loading, r 11 = r 0 , influence of coating thickness. Fig. 7 . Variation of the normalized radial stress, r rr /r 0 of a coated spherical inhomogeneity with imperfect continuity condition (g = n = 1) at the matrixcoating interface (r = R 1 ) along x 1 -axis under far-field uniaxial loading, r 11 = r 0 , influence of coating stiffness.
In the remaining, a cylindrical inhomogeneity with an FG coating in which there is an interface fault in the coating is considered to be under far-field uniaxial tension, r 11 = r 0 as shown in Fig. 10 . An accurate solution can be obtained Fig. 8 . Variation of tangential stress r rh , along the line h = p/4 and normal stress r rr , along x 1 -axis of a coated spherical inhomogeneity with perfect and pure sliding bonding condition at the matrix-coating interface under thermoechanical loading, r 11 = 5 MPa and DT = 50°C. Fig. 9 . Normalized radial stress 2r rr /r 0 versus log 10 l 2 /l 1 at the junction of coating-matrix interface with the line h = 0, corresponding to the long coated cylindrical fiber under remote biaxial loading r 11 = Àr 22 = r 0 , with (a) R 1 /R 2 = 1.001, (b) R 1 /R 2 = 1.05.
by subdividing the FG coating into thin enough layers. Without loss of generality, it is assumed that the Poisson's ratio is 0.3 for all phases and the spatial variation of the shear modulus within the FG coating obeys the exponential form
where l 1 , l 2 , and l 3 denote the shear modulus of the matrix, coating and fiber, respectively. It is also seen that at the fibercoating interface, l 2 (r = R 2 ) = l 3 and at the coating-matrix interface, l 2 (r = R 1 ) = l 1 . The ratio of the coating radius to the fiber radius is R 1 /R 2 = 1.5, and the ratio of the fiber shear modulus to the matrix shear modulus is l 3 /l 1 = 5. The interface failure, which will be modeled as the imperfect interface, is considered to occur at the middle of the coating thickness (r = (R 1 + R 2 )/ 2) for various values of g and n. Although it may seem physically unrealistic to encounter this type of failure mode, it is likely that one would like to design such a behavior within the FG layer for certain purposes. This previously intractable problem further attest the strength and capability of the present theory. Figs. 11-13 are the respective plots of the normalized radial, tangential, and hoop stresses with the normalized distance r/R 2 along x 1 -axis. Fig. 11 shows that the radial stress in the fiber is roughly uniform for all cases. It is also seen that its variation almost remains unaltered in the coating up to the place where interface failure occurs. Moreover, while the radial stress distribution in the fiber almost vanishes for the cases where pure debonding exists, its value is larger for the systems with pure sliding bonding than the ones with perfect bonding. Unlike the radial stress distribution, the tangential stress variation is very nonuniform in the fiber. It is also seen that while the absolute value of tangential stress in the coating decreases for systems with pure sliding bonding, compared to the ones with perfect bonding, it increases for systems with pure debonding. Fig. 10 . Schematic of the inhomogeneity system including an FG coated cylindrical fiber with an interface fault at the middle of the coating. Fig. 11 . Variation of the normalized radial stress, r rr /r 0 of an FG coated cylindrical fiber with imperfect interface condition at the middle of the coating along x 1 -axis, under far-field uniaxial loading r 11 = r 0 for various values of dimensionless debonding and sliding parameters n and g. Fig. 12 . Variation of the normalized tangential stress, r rh /r 0 of an FG coated cylindrical fiber with imperfect interface condition at the middle of the coating along the line h = p/4, under far-field uniaxial loading r 11 = r 0 for various values of dimensionless debonding and sliding parameters n and g. Fig. 13 . Variation of the normalized hoop stress, r hh /r 0 of an FG coated cylindrical fiber with imperfect interface condition at the middle of the coating along x 1 -axis, under far-field uniaxial loading r 11 = r 0 for various values of dimensionless debonding and sliding parameters n and g. Finally, the change in elastic energy of the above-mentioned systems when an arbitrary number of interfaces become imperfect is evaluated. It is known that there are two necessary conditions for damage evolution: (1) nucleation of a crack and (2) availability of potential energy for interfacial separation, Dvorak and Zhang (2001) . For these types of analyses, it is necessary to be able to compute the change of elastic energy when the surfaces become separated. 
Using the above equation, the elastic energy change caused by the interface fault in the cylindrical inhomogeneity with an FG coating is plotted as a function of debonding and sliding parameters, Fig. 14 . The properties of the system are kept the same as the ones discussed in Fig. 10 . It is seen that the change of the elastic energy decreases as these parameters go to infinity, which is equivalent to having an inhomogeneity with perfect interfaces.
Conclusion
The stress fields of a multiphase cylindrical and spherical inhomogeneity system with prefect or imperfect interfaces are obtained using Boussinesq displacement potentials. There is no limitation on the number of phases, loading condition, and thickness of the layers. The imperfect interfaces are modeled as spring layers with vanishing thicknesses. The robustness and systematic nature of the present approach leads to obtaining exact analytical solutions for various problems of physical importance. The phases of the inhomogeneity may be homogeneous and/or FG and interfaces may have a perfect or an imperfect boundary condition. This general solution can be used to examine the effect of coatings on inhomogeneities where the optimized performance of the system is of interest. Moreover, since the discontinuity of the fields across the imperfect interfaces is not very easy to be captured in numerical methods such as finite element method, it can serve as an excellent tool for validation purposes. 
